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Abstract---In this paper, we study the global stability, asymptotic properties of the nonnegative solutions and periodic solutionsof 
the nonlinear rational difference equation 

ା૚࢔࢞ ൌ ࢔࢞࡭ ൅ ૚ି࢔࢞࡮ ൅
૚ି࢔࢞ࢻ ൅ ૛ି࢔࢞ࢼ ൅ ૜ି࢔࢞ࢽ

࡭ ൅ ૛ି࢔࢞࡮ ൅ ૜ି࢔࢞࡯
 , ࢔ ൌ ૙, ૚, ૛,   .  .  . 

where the non negative parameters ࡭, ,࡮ ,࡯ ૚ࢻ, ,ࢼ ,࢑ି࢞ and the arbitrary non negative initial conditionsࢽ ૚ሻି࢑ሺି࢞ … , ,૚ି࢞ ૙࢞ א
ሺ૙,∞ሻ  are arbitrary nonnegative real numbers and ࢑is a positive integer number. Also we analyze the bounded characters of the 
rational difference equation. Finally some numerical examples are studied and draw by Mathematica 8.0.4. 
Mathematics Subject Classifications---39A10, 39A11, 39A99, 34C99 
Keywords---Equilibrium, asymptotic, positive solution, rational difference equation, boundedness character, stability. 
 

I. INTRODUCTION 
 
The study of difference equations has been growing continuously in the last decade. Difference equations manifest 
themselves as mathematical models describing real life situations in probability theory, queuing theory, statistical 
problems, stochastic time series, combinatorial analysis, number theory, geometry, electrical network, genetics in 
biology, economics, psychology, sociology, digital signal processing , filter theory etc. So, recently, there has been an 
increasing interest in the study of qualitative analysis of rational difference equations and systems of difference 
equations. Many researchers are interested in the boundedness, invariant intervals, periodic character and global 
asymptotic stability of positive solutions for nonlinear difference equations, [2 -6]. Periodic solutions of difference 
equations have been investigated by many researchers, and various methods have been proposed for the existence and 
qualitative properties of the solution. The study of rational difference equations of order greater than one is quite 
challenging and rewarding.  There has been a great interest in studying the global attractivity, the boundedness 
character and the periodicity nature of nonlinear difference equations.Our goal in this paper is to investigate some 
qualitative behavior of the solutions of the nonlinearrational difference equation 

௡ାଵݔ ൌ ௡ݔܣ ൅ ௡ିଵݔܤ ൅
௡ିଵݔߙ ൅ ௡ିଶݔߚ ൅ ௡ିଷݔߛ

ܣ ൅ ௡ିଶݔܤ ൅ ௡ିଷݔܥ
           ሺ1ሻ 

 
݊ ൌ 0,1,2,   .  .  .   

Furthermore the results about such equations offer prototypes for the development of the basic theory of the global 
behavior of nonlinear rational difference equations. The paper proceeds as follows. In Section 2, we recall some 
preliminary discussion and lemmas.Section 3 describes the periodic solutions of (1). Local and global stability of the 
equilibrium point of (1) is arrived in Section 4. Boundedness characters of the positive solutions of (1) are discussed in 
Section 5. The results of Section 3 to 5 is implemented in extended Kalman filter and its stability, which are described 
in Section 6. Finally we give numerical examples of some special cases of (1) and draw it by using Mathematica. 
Section 7 concludes the paper.  
 

II. PRELIMINARIES 
 

Definition2. 1.A difference equation of order ሺ݇ ൅ 1ሻis of the form 
௡ାଵݔ ൌ ,௡ݔሺܨ ,௡ି௞ሻݔ ݊ ൌ 0,1,2, …                             ሺ2ሻ 

 
where ܨ is a continuous function which maps some set  Թ௞ାଵinto Թ where Թ is a set of real numbers. An equilibrium 
point ݔҧof this equation is a point that satisfies the condition ݔҧ ൌ ҧݔሺܨ , ௡ሽ௡ୀି௞ݔҧሻ. That is, the constant sequence ሼݔ

∞ with 
௡ݔ ൌ ݊ ҧ  for allݔ ൒ െ݇ is a solution ofthat equation. 
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Definition 2.2Letݔҧ א ሺ0,∞ሻbe an equilibrium point of the difference equation (2). Then, 
ሺ݅ሻAn equilibrium point ݔҧof the equation (2) is called locally stable if for every ε ൐  0 there exists δ ൐  0 such  
that if   ሼx୬ሽ୬ୀି୩

∞  is a solution to (2) with the property  that|ିݔ௞ െ |ҧݔ ൅ ௞ାଵିݔ| െ |ҧݔ ൅  … ൅ ൅|ݔ଴ െ |ҧݔ ൏   , ߜ
then |ݔ௡ െ |ҧݔ ൏ ݊ for all ߝ ൒ െ݇ whereିݔ௞, ሺ௞ିଵሻିݔ … , ,ଵିݔ ଴ݔ א ሺ0,∞ሻ. 
ሺ݅݅ሻAn equilibrium point ݔҧof theequation (2) is called locally asymptotically stable if ݔҧ is locally stable, and if  
there exists a ߛ ൐  0 such that if  ሼݔ௡ሽ௡ୀି௞

∞  is a solution to (2) with the property 
 
௞ିݔ| െ |ҧݔ ൅ ௞ାଵିݔ| െ |ҧݔ ൅  … ൅ ଴ݔ| െ |ҧݔ ൏  then , ߛ

lim௡՜∞ ௡ݔ ൌ  .ҧݔ
ሺ݅݅݅ሻAn equilibrium point ݔҧof the equation (2) is called a global attractor if for every solution, ሼݔ௡ሽ௡ୀି௞

∞  of (2), we have  
lim
௡՜∞

௡ݔ ൌ  ҧݔ

where  ିݔ௞, ሺ௞ିଵሻିݔ … , ,ଵିݔ ଴ݔ א ሺ0,∞ሻ . 
 
ሺ݅ݒሻAn equilibrium point ݔҧof the equation (2) is called globally asymptotically stableif it is locally stable and a global 
attractor. 
ሺݒሻAn equilibrium point ݔҧ of the difference equation (2) is called unstable if it is not locally stable.  
 
Definition 2.3(2) is said to be permanent if there exist positive real numbers m and M such that for every 
solutionሼݔ௡ሽ௡ୀି௞

∞  of (2) there exists a positive integer ܰ ൒ െ݇which depends on the initial conditions, such that 
݉ ൑ ௡ݔ ൑ ݊ for all ܯ ൒ ܰ. 

The linearized equation of the difference equation (2) about the equilibrium point ݔҧis also the linear difference equation 
which is 

௡ାଵݖ         ൌ
,ҧݔሺܨ߲ ҧሻݔ

௡ݔ߲
௡ݖ ൅

ҧݔሺܨ߲ , ҧሻݔ
௡ି௞ݔ߲

 ௡ି௞                            ሺ3ሻݖ

The characteristic equation associated with (3) is 
 

ሻߣሺ݌ ൌ ௞ାଵߣ െ ௞ߣ଴݌ െ ଵ݌ ൌ 0                                          (4) 
 
Where 

଴݌ ൌ
,ҧݔሺܨ߲ ҧሻݔ

௡ݔ߲
, ଵ݌ ൌ

,ҧݔሺܨ߲ ҧሻݔ
௡ି௞ݔ߲

 

 
Theorem 2.4.  The linearized stability theorem.Suppose F is a continuously differentiable function defined on an open 
neighbourhood of the equilibrium ݔҧ. Then the following statements are true. 
ሺ݅ሻIf all the roots of the characteristic equation (4) of the linearized equation (3) have absolute value less than one, then 
theequilibrium point ݔҧ of (2) is locally asymptotically stable. 
ሺ݅݅ሻIf at least one root of (4) has absolute value greater than one, then the equilibrium point ݔҧ of (2). 
ሺ݅݅݅ሻ If all the roots of (4) have absolute value greater than one, then the equilibrium point ݔҧ of (2). 
 
Theorem 2.5Assume that ݌௜ א Թ, ݅ ൌ 1,2, …and ݇ א ሼ0,1,2, … ሽ. Then  

෍ |௜݌|
௞

௜ୀ

൏ 1 

is a sufficient condition for the asymptotic stability of the difference equation 
௡ା௞ݔ ൅ ௡ା௞ିଵݔଵ݌ ൅  … ൅ ௡ݔ௞݌ ൌ 0 , ݊ ൌ 0,1,2, … 

The following global attractively result is very useful in establishing convergence results in many situations. 
Theorem 2.6Let ݃: ሾߙ, ሿ௞ାଵߚ ՜ ሾߙ, ,ߙሿbe a continuous function, where k is a positive integer and where ሾߚ  ሿis anߚ
interval of real numbers. Consider the difference equation 

௡ାଵݔ    ൌ ݃ሺݔ௡, ,௡ିଵݔ … , ,௡ି௞ሻݔ ݊ ൌ 0,1, …                ሺ5ሻ 
Suppose that ݃satisfies the following two conditions, 
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ሺ݅ሻ For each integer݅with1 ൑ ݅ ൑ ݇ ൅ 1the function ݃ሺݖଵ, ,ଶݖ … ,௜ିଵݖ ,௜ାଵݖ  ௜ forݖ௞ାଵሻis weakly monotonic inݖ
fixedݖଵ, ,ଶݖ … ,௜ିଵݖ ,௜ାଵݖ  .௞ାଵݖ
ሺ݅݅ሻIf ሺ݉,  ሻis a solution of the systemܯ

݉ ൌ ݃ሺ݉ଵ, ݉ଶ, … , ݉௞ାଵሻ 
and 

ܯ ൌ ݃ሺܯଵ, ,ଶܯ … ,  ௞ାଵሻܯ
then ݉ ൌ ݅ for each ,ܯ ൌ 1,2, … , ݇ ൅ 1, we set, 

݉௜ ൌ ൜݂݉݅݃݅ݖ݊݅݃݊݅݀ܽ݁ݎܿ݁݀݊݋݊ݏ௜
௜ݖ݊݅݃݊݅ݏܽ݁ݎܿ݊݅݊݋݊ݏ݂݅݃݅ܯ

 

and  

௜ܯ ൌ ൜݂݉݅݃݅ݖ݊݅݃݊݅݀ܽ݁ݎܿ݁݀݊݋݊ݏ௜
௜ݖ݊݅݃݊݅ݏܽ݁ݎܿ݊݅݊݋݊ݏ݂݅݃݅ܯ

 

Then ݉௜ሺ݉, ሻܯ ൌ ,௜ሺ݉ܯ  ሻܯ
Then there exists exactly one equilibrium ݔҧ and every solution of (5) converges to ݔҧ. 
 

III. PERIODIC SOLUTIONS 
 
In this section, we investigate the periodic character of the positive solutions of (1). 
Definition 3.1. (Periodicity) 
A sequence ሼݔ௡ሽ௡ୀି௞

∞  is said to be periodic with period ݌if ݔ௡ା௣ ൌ ݊ ௡for allݔ ൒ െ݇. 
Theorem 3.2. If ݇ is an even positive integer, then (1) has no positive solutions of prime period two for all 

,ܣ ,ܤ ,ߙ ߚ א ሺ0,∞ሻ. 
Proof. Assume for the sake of contradiction that there exists distinctive positive real numbers ߮ and ߰, such that 

   . . . , ߮, ߰, ߮, ߰, … 
is a prime period two solution of (1). If k is even, then ݔ௡ ൌ  ௡ି௞. It follows from the  rational difference equation (1)ݔ
that 
 

߮ ൌ ሺܣ ൅ ܤ ൅ ሻ߰ܥ ൅
ሺߙ ൅ 1ሻ߰

ߚ ൅ ߰  

and 

߰ ൌ ሺܣ ൅ ܤ ൅ ሻ߮ܥ ൅
ሺߙ ൅ 1ሻ߮

ߚ ൅ ߮  

Simplifying this we get 
߮ߚ ൅ ߰߮ ൌ ߰ܤܣ ൅ ߰ߚܤ ൅ ߰ߚܥ ൅ ଶ߰ܣ ൅ ଶ߰ܤ ൅ ଶ߰ܥ ൅ ߰ߙ ൅  ߙ

and 
߰ߚ ൅ ߰߮ ൌ ߮ܤܣ ൅ ߮ߚܤ ൅ ߮ߚܥ ൅ ଶ߮ܣ ൅ ଶ߮ܤ ൅ ଶ߮ܥ ൅ ߮ߙ ൅  ߙ

By subtracting, we deduce that 
ሺ߮ െ ߰ሻሼߚሺܣ ൅ ܤ ൅ ܥ ൅ 1ሻ ൅ ሺ߮ ൅ ߰ሻሺܣ ൅ ܤ ൅ ሻܥ ൅ ߙ ൅ 1ሽ ൌ 0 

This implies ߮ ൌ ߰. This contradicts the hypothesis߮ ് ߰. Thus, the proof of Theorem 3.2 is completed. Hence the 
periodic solution of (1) is arrived.  
 

IV. LOCAL STABILITY OF THE EQUILIBRIUM POINT (1) 
 
This section deals with study the local stability character of the equilibrium point of (1). An equilibrium point of (1) is 
given by  

ҧݔ ൌ ҧݔܽ ൅
ܾ ൅ ܿ
ߙ ൅  ߚ

Ifܽ ൏ 1, then the only positive equilibrium point of  is given by 

ҧݔ ൌ
ܾ ൅ ܿ

ሺߙ ൅ ሻሺ1ߚ െ  ሻߙ

Let ݂: ሺ0,∞ሻସ ՜  ሺ0,∞ሻ be a continuously differentiable function defined by 
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݂ ሺݑ, ,ݒ ,ݓ ሻݐ ൌ ݑܽ  ൅
ݒܾ ൅ ݓܿ ൅ ݐ݀
ݒߙ ൅ ݓߚ ൅ ݐߛ                      ሺ6ሻ 

 
This follows that 
 

߲݂ሺݑ, ,ݒ ,ݓ ሻݐ
ݑ߲ ൌ ܽ 

 
߲݂ሺݑ, ,ݒ ,ݓ ሻݐ

ݒ߲
ൌ

ሺܾߚ െ ݓሻߙܿ ൅ ሺܾߛ െ ݐሻߙ݀
ሺݒߙ ൅ ݓߚ ൅ ሻଶݐߛ  

߲݂ሺݑ, ,ݒ ,ݓ ሻݐ
ݓ߲ ൌ

െሺܾߚ െ ݒሻߙܿ ൅ ሺܿߛ െ ݐሻߚ݀
ሺݒߙ ൅ ݓߚ ൅ ሻଶݐߛ  

߲݂ሺݑ, ,ݒ ,ݓ ሻݐ
ݐ߲

ൌ
െሺܾߛ െ ݒሻߙ݀ ൅ ሺܿߛ െ ݐሻߚ݀

ሺݒߙ ൅ ݓߚ ൅ ሻଶݐߛ  

Then we get , 
߲݂ሺ ݔҧ, ҧݔ , ҧݔ , ҧሻݔ

ݑ߲
ൌ ܽ ൌ െܽଷ 

 
߲݂ሺ ݔҧ , ҧݔ , ҧݔ , ҧሻݔ

ݒ߲
ൌ

ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ ሻߙ݀
ሺߙ ൅ ߚ ൅ ҧݔሻଶߛ

ൌ
ሾሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ ሻሿሺ1ߙ݀ െ ሻߙ

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ
ൌ െܽଶ 

 
߲݂ሺ ݔҧ, ҧݔ , ҧݔ , ҧሻݔ

ݓ߲ ൌ
െሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ ሻߚ݀

ሺߙ ൅ ߚ ൅ ҧݔሻଶߛ ൌ
ሾെሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ ሻሿሺ1ߚ݀ െ ሻߙ

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ ൌ െܽଵ 

 
߲݂ሺ ݔҧ , ҧݔ , ҧݔ , ҧሻݔ

ݐ߲
ൌ

െሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ ሻߚ݀
ሺߙ ൅ ߚ ൅ ҧݔሻଶߛ

ൌ
ሾെሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ ሻሿሺ1ߚ݀ െ ሻߙ

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ
ൌ െܽ଴ 

 
Then the linearized equation of (1) about ݔҧis 

௡ାଵݕ   ൅ ܽଷݕ௡ ൅ ܽଶݕ௡ିଵ ൅ ܽଵݕ௡ିଶ ൅ ܽ଴ݕ௡ିଷ ൌ 0            ሺ7ሻ 
 
whose characteristic equation is 

ସߣ            ൅ ܽଷߣଷ ൅ ܽଶߣଶ ൅ ܽଵߣ ൅ ܽ଴ ൌ 0                            ሺ8ሻ 
 
Theorem 4.1. Assume that 
 

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ ൐ ݔܽ݉ ቐ
ሺܿߙ2| ൅ ݀ሻ െ 2ܾሺߚ ൅ ,|ሻߛ
ሺܾߛ2| ൅ ܿሻ െ 2݀ሺߙ ൅ ,|ሻߚ
ሺܾߚ2| ൅ ݀ሻ െ 2ܿሺߙ ൅ .|ሻߛ

   ሺ9ሻ          

 
Then the positive equilibrium point of (1) is locally asymptotically stable. 
Proof. By theorem 2.4, assume that ݌௜ א ܴ, ݅ ൌ  1, 2, . . . , ݇and ݇ א  ሼ0, 1, 2, . . . ሽ. Then 

෍ ௜݌|

௞

௜ୀଵ

| ൏ 1 

is a sufficient condition for the asymptotic stability of the difference equation 
௡ା௞ݔ ൅ ௡ା௞ିଵݔଵ݌ ൅  … ൅ ௡ݔ௞݌ ൌ 0, ݊ ൌ 0,1,2, … 

From the above result, it is follows  that, (7) is asymptotically stable if all roots of (8) lie in the open disc |ߣ| ൏ 1 that is 
if 
 

|ܽ଴| ൅ |ܽଵ| ൅ |ܽଶ| ൅ |ܽଷ| ൏ 1 
Then, 
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|ܽ| ൅ ቤ
ሾሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ ሻሿሺ1ߙ݀ െ ܽሻ

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ ቤ 

 

 ൅ ቤ
ሾെሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ ሻሿሺ1ߚ݀ െ ܽሻ

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ ቤ 

 

          ൅ ቤ
ሾെሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ ሻሿሺ1ߚ݀ െ ܽሻ

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ ቤ ൏ 1, 

 
also we have, 
 

|ሾሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ ሻሿሺ1ߙ݀ െ ܽሻ| 
൅|ሾെሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ ሻߙܿ ൅ ሺܿߛ െ ሻሿሺ1ߚ݀ െ ܽሻ| 

൅|ሾെሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ ሻሿሺ1ߚ݀ െ ܽሻ| 
൏ ሾሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻሿሺ1 െ ܽሻ. 

dividing the denominator and numerator by ሺ1 െ ܽሻ, we get 
|ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ  |ሻߙ݀

|െሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ  |ሻߚ݀
൅|െሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ  |ሻߚ݀

൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ   (10) 
If 

ଵܤ ൌ ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ  ,ሻߙ݀
ଶܤ ൌ െሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ  ,ሻߚ݀
ଷܤ ൌ െሺܾߛ െ ሻߙ݀ ൅ ሺܿߛ െ  ,ሻߚ݀

 
Then we will have the following four cases 
Case ሺ݅ሻܤଵ ൐ 0, ଶܤ ൐ 0 and ܤଷ ൐ 0. 
In this case we see from (10) that 

ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ ሻߙ݀ െ ሺܾߚ െ  ሻߙܿ
൅ሺܿߛ െ ሻߚ݀ െ ሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ  ሻߚ݀

൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
If and only if 

ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ ൐ 0, 
and hence this is always true. 
Case ሺ݅݅ሻܤଵ ൏ 0, ଶܤ ൐ 0 and ܤଷ ൐ 0. 
It follows from (10) that 
 

ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ  ሻߙ݀
െሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ  ሻߚ݀
൅ሺܾߛ െ ሻߙ݀ ൅ ሺܿߛ െ  ሻߚ݀

൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
If and only if 

ሺܾߛ2 ൅ ܿሻ െ 2݀ሺߙ ൅ ሻߚ ൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
which is satisfied by condition(7). 
Case ሺ݅݅݅ሻܤଵ ൐ 0, ଶܤ ൏ 0 and ܤଷ ൐ 0. 
 We observe from (10) that, 

ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ  ሻߙ݀
൅ሺܾߚ െ ሻߙܿ െ ሺܿߛ െ  ሻߚ݀
െሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ  ሻߚ݀

൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
If and only if 
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ሺܾߚ2 ൅ ݀ሻ െ 2ܿሺߙ ൅ ሻߛ ൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
which is true. 
Case ሺ݅ݒሻ ܤଵ ൐ 0, ଶܤ ൐ 0 and ܤଷ ൏ 0. 
It follows from (10) that 
 

ሺܾߚ െ ሻߙܿ ൅ ሺܾߛ െ  ሻߙ݀
൅ሺܾߚ െ ሻߙܿ ൅ ሺܿߛ െ  ሻߚ݀
൅ሺܾߛ െ ሻߙ݀ െ ሺܿߛ െ  ሻߚ݀

൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
If and only if 

2ܾሺߚ ൅ ሻߛ െ ሺܿߙ2 ൅ ݀ሻ ൏ ሺߙ ൅ ߚ ൅ ሻሺܾߛ ൅ ܿ ൅ ݀ሻ, 
Which is satisfied by (9).This is always true.  Hence the proof is complete and concludes that (1) is locally 
asymptotically stable.  
 

V. BOUNDEDNESS CHARACTER OF (1) 
 

In this section, we investigate the boundedness character of the positive solutions of (1).The following theorem is a new 
result about the boundedness of solutions of (1). Theorem 5.1Every solution of (1) is bounded if 

ሺ݅ሻߛ ൏ ܣ ൅ ܤ
ߚ
ܥ ൅ ܥ

ߙ
 ܤ

or 

                            ሺ݅݅ሻߛ ൌ ܣ ൅ ܤ ఉ
஼

൅ ܥ ఈ
஻
and    ߙ ൌ ߛߚ ൌ 0 

or 
 

           ሺ݅݅݅ሻߛ ൌ ,ܣ ߙ ൌ ߚ ൌ 0 
 
Proof. Assume for the sake of contradiction that (1) has an unbounded solution ሼݔ௡ሽ. Then there exists a subsequence 
ሼݔ௡೔ሽsuch thatݔ௡೔ ՜ ∞and for every ݅ , 
 

௡೔ݔ ൐ ݆ ௝, for allݔ ൏ ݊௜ ൅ 1 
Now consider, 

௡ାଵݔ ൌ ௡೔ݔܣ ൅ ௡೔ିଵݔܤ ൅
௡೔ିଵݔߙ ൅ ௡೔ିଶݔߚ ൅ ௡೔ିଷݔߛ

ܣ ൅ ௡೔ିଶݔܤ ൅ ௡೔ିଷݔܥ
 

this implies that  
௡೔ିଶݔ ՜ ∞ 

Hence the sequences  
൛ݔ௡೔ൟ, ሼݔ௡೔ିଵሽ 

are completely bounded. In a similar way we conclude that  
൛ݔ௡೔షమൟ, ሼݔ௡೔ିଷሽ 

are also bounded.  
 
Proof of ሺ݅ሻ. Let  ߳ be a positive number such that 

ሺܤ ൅ ሻ߳ܥ ൏ െߛ ൅ ܣ ൅ ܤ
ߚ
ܥ

൅ ܥ
ߙ
ܤ

 

Eventually, 

௡೔ݔ ൐ ఉ
஼

െ ߳ and ݔ௡೔షభ ൐ ఈ
஻

െ ߳ 

This provides  
 

௡೔శభݔ ൏  ௡೔షమݔ
which contradicts the following assumption 
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௡೔ݔ ൐ ݆ ௝, for allݔ ൏ ݊௜ ൅ 1 
 and completes the proof of ሺ݅ሻ and hence  
 

௡೔శభݔ ൐  ௡೔షమݔ
ሺ݅݅ሻ Assume that either  

ߙ ൌ ߚ ൌ 0 and ߛ ൐ 0 
or  

ߙ ൌ ߛ ൌ 0 and ߚ ൐ 0 
In this case we have 

௡೔ݔ ൐
ߚ
 ܥ

We have arrived that from ሺ݅ሻ that  
௡೔శభݔ ൐  ௡೔షమݔ

and then 

௡೔షమݔ ൏
௡షభݔߚ

ܣ ൅ ௡೔ݔܤ ൅ ௡షభݔܥ െ ܣ െ ܤ ఉ
ఈ

൏
ߚ
 ߙ

This completes ሺ݅݅ሻ. 
 

ሺ݅݅݅ሻߛ ൌ ,ܣ ߙ ൌ ߚ ൌ 0 
when ܣ ൒  .every solution converges to the equilibrium and so is bounded ߛ
Theorem 5.2Assume that 

ߙ
ܤ

ൌ
ߚ
ܥ

 

Then the equilibrium ݔҧ of (1) is a global attractor of all solutions of (1) if and only if, 

ߛ ൑ ܣ ൅ ܤ
ߚ
ܥ

൅ ܥ
ߙ
ܤ

 

Proof .Equation (1) can be written in the normalized form as, 

௡ାଵݔ   ൌ
ߙ ൅ ௡ݔܤ ൅ ௡ିଵݔ ൅ ௡ିଶݔߛ

ܣ ൅ ௡ݔܤ ൅ ௡ିଵݔ
 , ݊ ൌ 0,1,2,   .  .  . ሺ11ሻ 

 
Now it is enough to show that the equilibrium of (1) is a global attractor of all solutions when 
 

ߛ ൑ ܣ ൅ ܤ ൅ 1 
We divide the proof into the following three cases, 
Case ሺ݅ሻ 

ߛ ൐ ܣ െ  ߙ
We claim that there existsܰ, which is sufficiently large, such that 

௡ݔ ൐ 1, for ݊ ൒ ܰ 
Otherwise for some ܰ ൒ 0, 
 

ேାଵݔ ൌ
ߙ ൅ ேݔܤ ൅ ேିଵݔ ൅ ேିଶݔߛ

ܣ ൅ ேݔܤ ൅ ேିଵݔ
൑ 1   

This implies that  

ேିଶݔ ൏
ܣ െ ߙ

ߛ ൏ 1 

in a similar way we have, 

ேିହݔ ൏ ሺ
ܣ െ ߙ

ߛ
ሻଶ 

This leads to a contradiction. Hence our claim is true. By the change of variables we have  
௡ݕ ൌ ௡ݔ െ 1 
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From (11) we have, 

௡ାଵݕ ൌ
ߙ െ ܣ ൅ ߛ ൅ ௡ିଶݕߛ

ܣ ൅ ܤ ൅ 1 ൅ ௡ݕܤ ൅ ௡ିଵݕ
 

we established that every solution of the equation above converges to the equilibrium when 
ܣ ൅ ܤ ൅ 1 ൒  ߛ

Case ሺ݅݅ሻ 
ߛ ൌ ܣ െ  ߙ

Observe that  

௡ାଵݔ െ 1 ൌ
ሺܣ െ ௡ିଶݔሻሺߙ െ 1ሻ

ܣ ൅ ௡ݔܤ ൅ ௡ିଵݔ
 

then 

௡ାଵݔ| െ 1| ൑
ܣ െ ߙ

ܣ ௡ିଶݔ| െ 1| 

and hence the results. 
 
Case ሺ݅݅݅ሻ 

ߛ ൏ ܣ െ  ߙ
Now we claim that there exists ܰ, which is sufficiently large, such that 

௡ݔ ൑
ܣ െ ߙ

ߛ  , ݊ ൒ ܰ 

Suppose for the sake of contradiction that for some ܰ ൒ 0 
 

ேାଵݔ ൌ
ߙ ൅ ேݔܤ ൅ ேିଵݔ ൅ ேିଶݔߛ

ܣ ൅ ேݔܤ ൅ ேିଵݔ
൐

ܣ െ ߙ
ߛ  

From this we have  

ேିଶݔ ൐
ܣ
ߛ .

ܣ െ ߙ
ߛ  

Similarly we have, 

ேିହݔ ൐ ሺ
ܣ
ߛ

ሻଶ.
ܣ െ ߙ

ߛ
 

This leads to a contradiction. Hence our claim is true. Now set 
 

ܵ ൌ lim
௡՜∞

 ௡ݔ݌ݑݏ

 
ܫ ൌ lim

௡՜∞
 ௡ݔ݂݊݅

Then clearly, 

ܵ ൑
ߙ ൅ ሺܤ ൅ ߛ ൅ 1ሻܵ

ܣ ൅ ሺܤ ൅ 1ሻܵ  

and 

ܫ ൒
ߙ ൅ ሺܤ ൅ ߛ ൅ 1ሻܫ

ܣ ൅ ሺܤ ൅ 1ሻܫ
 

from this we have  
ܵ ൌ ܫ ൌ  ҧݔ

 
and the proof is complete.In all cases the filter was able to converge and accurately track the noise level. 
 

VI. STABILITY OF AN EXTENDED KALMAN FILTER 
 

The extended Kalman filter can be considered as a general state estimator for nonlinear stochastically excited systems 
in the continuous time case as well as in the discrete time case. It originated from the Kalman filter developed primarily 
for linear system applications and is an extension of the concept to the nonlinear estimation problem. In the non linear 
case the estimation of the state vector is corrupted by noise is commonly carried out by a device which is a compromise 
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between accuracy and practical computational complexity.  State estimation for non linear deterministic systems 
without disturbing noise is closely related the zero noise case. This approach leads to the so called extended Kalman 
filter. In this section we address the filtering problem in case the system dynamics (state and observations) is nonlinear. 
Consider the non-linear dynamics  

௞ାଵݔ ൌ ௞݂ሺݔ௞ሻ ൅  ௞ݓ
௞ݕ ൌ ݄௞ሺݔ௞ሻ ൅  ௞ݒ

Where, 
௞ݔ א Թ௡, ௞݂ሺݔ௞ሻ: Թ௡ ՜ Թ௡ 
௞ݕ א Թ௡, ݄௞ሺݔ௞ሻ: Թ௡ ՜ Թ௡ 

and ሼݒ௞ሽ, ሼ ݓ௞ ሽ are white Gaussian, independent random processes with zero mean and covariance matrix  
௞ݒ௞ݒሾܧ

்ሿ ൌ ܴ௞ 
௞݁௞ݓሾܧ

்ሿ ൌ ܳ௞ 
and ݔ଴ is the system initial condition. The Extended Kalman filter (EKF) gives an approximation of the optimal 
estimate. The non-linearities of the systems’ dynamics are approximated by a linearized version of the non-linear 
system model around the last state estimate. For this approximation to be valid, this linearization should be a good 
approximation of the non-linear model in the entire uncertainty domain associated with the state estimate. Extended 
Kalman filter (EKF) is heuristic for nonlinear filtering problem. We consider the zero-input shift-variant system 
described by the ݉௧௛ order difference equation with shift variant coefficients 

ሺ݊ሻݕ ൌ ܽଵሺ݊ሻݕሺ݊ െ 1ሻ 
                  ൅ܽଶሺ݊ሻݕሺ݊ െ 2ሻ ൅ 

                        .  .  . ൅ܽ௠ሺ݊ሻݕሺ݊ െ ݉ሻ 
where ݕሺെ݇ሻ, ݇ ൌ  1,2,3, . . . , ݉ are the initial conditions. Recurrence relations can model feedback in a system, where 
outputs at one time become inputs for future time.  Now consider a rational difference equation which is applicable to 
reduce the noise of various filters like Adaptive, Kalman, Extended Kalman Filter and so on.  

௡ାଵݔ                ൌ ௡ݔܣ ൅  ௡ିଵݔܤ

              ൅
௡ିଵݔߙ ൅ ௡ିଶݔߚ ൅ ௡ିଷݔߛ

ܣ ൅ ௡ିଶݔܤ ൅ ௡ିଷݔܥ
 , ݊ ൌ 0,1,2,   .  .  . 

Noise is an ever present part of all systems. Any receiver must contend with noise. The Kalman filter removes noise by 
assuming a pre-defined model of a rational system. Therefore, the Kalman filter model must be meaningful for noise 
reduction. 
Numerical Examples: In order to illustrate the results of the previous sections and to support our theoretical discussions, 
we consider several interesting numerical examples in this section. These examples represent different types of 
qualitative behavior of solutions to the nonlinear rational difference equation (1). 
Example 1. We assumethat ିݔଷ ൌ ଶିݔ ,3 ൌ 4, ଵିݔ ൌ 9, ଴ݔ ൌ ܣ ,6 ൌ 0.7, ܤ ൌ 8 , ܥ ൌ ߙ ,4 ൌ 4.8, ߚ ൌ 0.3,   
ߛ ൌ 2.2 

Plot of ݔ௡ାଵ ൌ ௡ݔܣ ൅ ௡ିଵݔܤ ൅ ఈ௫೙షభାఉ௫೙షమାఊ௫೙షయ
஺ା஻௫೙షమା஼௫೙షయ

 

 
Figure 1 A positive solution of (1) eventually periodic with ିݔଷ ൌ ଶିݔ ,3 ൌ 4, ଵିݔ ൌ 9, ଴ݔ ൌ ܣ ,6 ൌ 0.7, ܤ ൌ 8 , ܥ ൌ
ߙ ,4 ൌ 4.8, ߚ ൌ 0.3, ߛ ൌ 2.2 
Example 2. We assume thatିݔଷ ൌ ଶିݔ ,4 ൌ 9, ଵିݔ ൌ 6, ଴ݔ ൌ ܣ ,5 ൌ 2, ܤ ൌ 7 , ܥ ൌ ߙ ,3 ൌ 4 , ߚ ൌ 1.3, ߛ ൌ 3.2 
 

Plot of ݔ௡ାଵ ൌ ௡ݔܣ ൅ ௡ିଵݔܤ ൅ ఈ௫೙షభାఉ௫೙షమାఊ௫೙షయ
஺ା஻௫೙షమା஼௫೙షయ
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Figure 2 A positive solution of (1) eventually periodic with ିݔଷ ൌ ଶିݔ ,4 ൌ 9, ଵିݔ ൌ 6, ଴ݔ ൌ ܣ ,5 ൌ 2, ܤ ൌ 7 ,   
ܥ ൌ ߙ ,3 ൌ 4 , ߚ ൌ 1.3, ߛ ൌ 3.2 

Example 3. We assume thatିݔଷ ൌ ଶିݔ ,0.7 ൌ 0.5, ଵିݔ ൌ 3, ଴ݔ ൌ ܣ ,4 ൌ 7, ܤ ൌ 12 , ܥ ൌ ߙ ,9 ൌ 4.8 , ߚ ൌ 3.3, ߛ ൌ 9 
 

Plot of ݔ௡ାଵ ൌ ௡ݔܣ ൅ ௡ିଵݔܤ ൅ ఈ௫೙షభାఉ௫೙షమାఊ௫೙షయ
஺ା஻௫೙షమା஼௫೙షయ

 

 
Figure 3 A positive solution of (1) eventually periodic with xିଷ ൌ 0.7, xିଶ ൌ 0.5, xିଵ ൌ 3, x଴ ൌ 4, A ൌ 7, B ൌ 12 ,
C ൌ 9, α ൌ 4.8 , β ൌ 3.3, γ ൌ 9 
Example 4. We assume that xିଷ ൌ  7, xିଶ ൌ 11, xିଵ ൌ 0.3, x଴ ൌ 4, A ൌ 6, B ൌ 11 , C ൌ 9, α ൌ 4  , β ൌ  3, γ ൌ 7 
 

Plot of x୬ାଵ ൌ Ax୬ ൅ Bx୬ିଵ ൅ α୶౤షభାβ୶౤షమାγ୶౤షయ
AାB୶౤షమାC୶౤షయ

 

 
Figure 4 A positive solution of (1) eventually periodic with ିݔଷ ൌ ଶିݔ ,7  ൌ 11, ଵିݔ ൌ 0.3, ଴ݔ ൌ ܣ ,4 ൌ 6, ܤ ൌ 11 ,
ܥ ൌ ߙ ,9 ൌ 4  , ߚ ൌ  3, ߛ ൌ 7 

 
VII.  CONCLUSION 

 
We have investigated the periodic solutions, exponential stability and boundedness characters of (1). The results we 
obtained are implied in an extended Kalman filter for noise reduction.  This allows for lower estimation error when 
used a system of rational difference equations. Simulation results are arrived through various numerical examples to 
reduce the noise level. 
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